Introduction
The application of additives to base liquids in the sole aim to increase the heat transfer coefficient is considered as an interesting mean for thermal systems. Nanofluids, prepared by dispersing nanometer-sized solid particles in a base-fluid (liquid), have been extensively studied for more than a decade due to the observation of an interesting increase in thermal conductivity compared to that of the base-fluid (Xuan & Roetzel, 2000; Xuan & Li, 2000) . Initially, research works devoted to nanofluids were mainly focussed on the way to increase the thermal conductivity by modifying the particle volume fraction, the particle size/shape or the base-fluid (Murshed et al., 2005; Wang & Mujumdar, 2007) . Using nanofluids strongly influences the boundary layer thickness by modifying the viscosity of the resulting mixture leading to variations in the mass transfer in the vicinity of walls in external boundary-layer flows. Then, research works on convective heat transfer, with nanofluids as working fluids, have been carried out in order to test their potential for applications related to industrial heat exchangers. It is now well known that in forced convection (Maïga et al. 2005) as well as in mixed convection, using nanofluids can produce a considerable enhancement of the heat transfer coefficient that increases with the increasing nanoparticle volume fraction. As concerns natural convection, the fewer results published in the literature (Khanafer et al. 2003; Polidori et al., 2007; Popa et al., 2010; Putra et al. 2003) lead to more mixed conclusions. For example, recent works by Polidori et al. (2007) and Popa et al. (2010) have led to numerical results showing that the use of Newtonian nanofluids for the purpose of heat transfer enhancement in natural convection was not obvious, as such enhancement is dependent not only on nanofluids effective thermal conductivities but on their viscosities as well. This means that an exact determination of the heat transfer parameters is not warranted as long as the question of the choice of an adequate and realistic effective viscosity model is not resolved (Polidori et al. 2007 , Keblinski et al. 2008 . It is worth mentioning that this viewpoint is also confirmed in a recent work (Ben Mansour et al., 2007) for forced convection, in which the authors indicated that the assessment of the heat transfer enhancement potential of a nanofluid is difficult and closely dependent on the way the nanofluid properties are modelled. Therefore, the aim of this paper is to present theoretical models fully describing the natural and forced convective heat and mass transfer regimes for nanofluids flowing in semi-infinite geometries, i.e. external boundary layer flows along flat plates. In order to reach this goal, the integral formalism is extended to nanofluids. This work is the continuation of previous studies carried out to develop free and forced convection theories of external boundary layer flows by using the integral formalism (Polidori et al., 1999; Polidori et al., 2000; Polidori & Padet, 2002; Polidori et al., 2003; Varga et al., 2004) as well as to investigate convective heat and mass transfer properties of nanofluids Nguyen et al., 2009; Polidori et al., 2007; Popa et al., 2010) where both viscosity and conductivity analytical models have been used and compared with experimental data. The Brownian motion has also been taken into account. Nevertheless these studies focused mainly heat transfer. Free and forced convection theories have been developed both in the laminar and turbulent regimes and applied to conventional fluids such as water and air. Application of the integral formalism to nanofluids has been recently proposed in the case of laminar free convection (Polidori et al., 2007; Popa et al. 2010) . In order to develop these models, nanofluids will be considered flowing in the laminar regime over a semi-infinite flat plate suddenly heated with arbitrary heat flux densities. The laminar flow regime in forced and natural convection is investigated for Prandtl numbers representative of nanofluids. The nanofluids considered for this study, at ambient temperature, are water-alumina and water-CuO suspensions composed of solid alumina nanoparticles with diameter of 47 nm ( p =3880 kg/m 3 ) and solid copper oxide nanoparticles with diameter of 29 nm ( p = 6500 kg/m 3 ) with water as base-fluid. The thermophysical properties of the nanofluids are obtained by using empirical models based on experimental data for computing viscosity and thermal conductivity of water-alumina and water-CuO suspensions, and based on a macroscopic modelling for the other properties. The influence of the particle volume fraction is investigated in the range 0%≤≤5%. The chapter is organized as follows. First, the development of the integral formalism (Karman Pohlhausen approach) for both types of convection (free and forced) in the laminar regime is provided in Section 2. Then, Section 3 details a presentation of nanofluids. A particular attention is paid on the modelling of nanofluid thermophysical properties and their limitations. Section 4 is devoted to the application of the theoretical models to the study of external boundary-layer natural and forced convection flows for the two types of nanofluids. Results are presented for particle volume fractions up to 5%. Results on the flow dynamics are first provided in terms of velocity profiles, streamlines and boundary layer thickness. Heat transfer characteristics are then presented by means of wall temperature distribution and convective heat transfer coefficients.
Mathematical formulation

Natural convection
Consider laminar free convection along a vertical plate initially located in a quiescent fluid under a uniform heat flux density thermal condition. Denote U and V respectively the velocity components in the streamwise x and crosswise y directions. Assuming constant fluid properties and negligible viscous dissipation (Boussinesq's approximations) the continuity, boundary-layer momentum and energy equations are: Continuity equation:
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Momentum equation:
Energy equation:
Using the Karman-Pohlhausen integral method (Kakaç and Yener, 1995 ; Padet, 1997) , physically polynomial profiles of fourth order are assumed for flow velocity and temperature across the corresponding hydrodynamic and thermal boundary layers (see Figure 1 ). The major advantage in using such a method is that the resulting equations are solved anatically. The method of analysis assumes that the velocity and temperature distributions have temporal similarity (Polidori et al., 2000) meaning that the ratio  between the temperature and the velocity layers depends only upon the Prandtl number.
∆= (4)
Thus, combining relation (4), the Fourier's law and adequate boundary conditions leads to the following U-velocity and  temperature polynomial distributions depending mainly upon the dynamical parameter:
Where = ≤ , = ≤ , β is the volumetric coefficient of thermal expansion, k is the thermal conductivity of the fluid, is the fluid kinematic viscosity, and  w is the heat flux density.
With the correlation (4), the integral forms of the boundary-layer momentum and energy conservation equations become :
The analytical resolution of the system (Eq. 7 and Eq. 8) leads to the knowledge of the boundary layer ratio  (Polidori et al., 2000) and on the other hand gives the steady evolution of the asymptotical  solution. Thus, introducing the parameter =l n , the evolution of the ratio (Pr) is found to be suitable whatever Pr > 0.6 and satisfactorily approached with the following relation :
The asymptotical limit of the dynamical boundary layer thickness is analytically expressed as :
The best way to understand how the mass transfer occurs and how the boundary layer is feeded with fluid is to access the paths following by the fluid from the streamline patterns.
For this purpose, let introduce a stream function (x,y) such that = and = with the condition (x,0) = 0 so that the continuity equation (1) is identically satisfied. The analytical resolution leads to the following steady state solution :
Newton's law:
Forced convection
The schematization of the forced convection physical problem is seen in Figure 1 . The mathematical approach is based on the energy semi-integral equation resolution within the thermal boundary layer, by using the Karman-Pohlhausen method applied to both velocity and temperature flow fields.
The determination of the ratio (steady relative thickness of both thermal and dynamical boundary layers) is made from the resolution of the steady form of the energy equation (Padet, 1997) from which it is shown that this parameter appears to be only fluid Prandtl number dependent. The resulting equation in the Prandtl number range covering the main usual fluids, namely Pr > 0.6, is written as :
Using the 4 th order Pohlhausen method with convenient velocity and thermal boundary conditions leads to the following velocity and temperature profiles :
These profiles are directly used to define dynamical parameters qualifying both heat and mass transfer, such as the dynamical boundary layer thickness and the thermal flow rate defined as follows :
In such a case, the convective heat transfer coefficient is expressed as :
Thermophysical properties of nanofluids
The thermophysical properties of the nanofluids, namely the density, volume expansion coefficient and heat capacity have been computed using classical relations developed for a two-phase mixture (Pak and Cho, 1998 ; Xuan and Roetzel, 2000 ; Zhou and Ni, 2008 ):
It is worth noting that for a given nanofluid, simultaneous measurements of conductivity and viscosity are missing. In the present study, on the basis of statistical nanomechanics, the dynamic viscosity is obtained from the relationship proposed by Maïga et al. 2005 Maïga et al. , 2006 for water-Al 2 O 3 nanofluid (Eq. 25):
and Nguyen et al., 2007 for water-CuO nanofluid (Eq. 26), and derived from experimental data:
Most recently, Mintsa et al. 2009 proposed the following correlation based on experimental data for the water-Al 2 O 3 nanofluid (Eq. 27)
and for the water-CuO nanofluid (Eq. 28): 
Results
To ensure laminar conditions for both the forced convection and the free convection problems, the imposed initial conditions have been respectively = ⁄ for the heat flux density in free convection and = ⁄ ; = ⁄ for the heat flux density and external flow in forced convection.
Natural convection velocity
First, to analyse how the mass transfer occurs using nanofluids in thermal convection regimes, we have focused the following parameters: -Velocity boundary layer thickness, -Velocity profiles within the boundary layer, -Streamline patterns, Because nanofluids are mainly used in hydrodynamics to enhance the heat transfer and because in free convection the thermal and dynamical problems and conditions are coupled together, we have also focused : -Temperature profiles in the thermal boundary layer, -Heat transfer coefficient at wall, -Thermal flow rate. In figures 2 and 3 are presented the steady velocity boundary layer thickness along the wall, for the two tested nanofluids (Alumina/water and CuO/Water), in the range of Newtonian behaviour nanofluid (Fohano et al., 2010) , namely for small values of particle volume fraction  < 5%. . Velocity boundary layer for Alumina / water nanofluid Because varying the particle volume fraction highly influences the viscosity of the mixture, one can clearly see the resulting variation in thickness of the viscous boundary layer. Whatever the nanofluid is, an augmentation of the particle volume fraction value induces a higher thickness of the velocity boundary layer. Nevertheless, this phenomenon is more pronounced for the CuO/water nanofluid than for the alumina/water mixture, because the variation reaches respectively 22% and 16% at  = 5% in comparison with the reference case (base fluid only). The velocity profiles within the velocity boundary layer are drawn in Figures 4 and 5 at a given x=0.1m abscissa, in the same range of particle volume fraction less than 5%. One observes similar trends whatever the nanofluid is : -Flattening of the velocity profiles with the increase of the particle volume fraction, -Modification in space of the location of the maximum velocity, following the evolution of the boundary layer thickness, -Presence of a singular point, at the intersection of the profiles. Focusing the volumetric flow rate leads to introduce a new parameter, called  defined as follows:
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To complete this dynamical analysis, the streamline patterns are plotted in Figures 6 and 7 versus the y-direction. These streamline patterns are plotted for two particle volume fractions (2% and 5 %) and are compared to a base fluid (0%). The observed phenomena are similar for both nanofluids (CuO/water and Alumina/water). The conclusion extracted from Figures 6 and 7 are that the mass flow has an intense upward motion close to the wall (y=0) while the viscous layer is mainly fed with fluid coming from the crosswise direction from the wall. To make the analysis of such convection problems more complete, and because free convection induces the coupling of thermal and dynamical features of the flow, we present in Figures 8 and 9 , the temperature profiles within the thermal boundary layers at a given abscissa (x = 0.1m). There are no major differences between the temperature profiles for the two nanofluids. The common trend is that the increase of the particle volume fraction leads to increase the temperature at wall and within the thermal boundary layer whose thickness also increases compared to that of the base fluid. The resolution of a heat transfer problem between a fluid and a wall often requires the knowledge of the heat transfer coefficient, called "h", which depends as the flow dynamic features as on the thermal properties of both fluid and wall. Due to Newton's law, "h" is seen to evolve as 1/ w . Figures 10 and 11 highlight the evolution of the convective exchange coefficient "h". It is clearly seen that increasing the particle volume fraction leads to a degradation in the heat transfer enhancement. This result appears to b e c o n s i s t e n t w i t h t h a t f r o m a p r e v i o u s published work (Putra et al., 2003) in which the authors mentioned that, unlike conduction or forced convection, a systematic and definite deterioration in free convective heat transfer has been found while using nanofluids. This apparent paradoxical behaviour when increasing the particle volume fraction can be explained as follows. Adding solid nanoparticles is expected to increase the thermal conductivity, thus resulting in higher heat transfer. However, an augmentation of the particle volume fraction also increases the mixture viscosity. For the natural convection flow of this study, it appears that the effect of increased viscosity is dominant over the increase of thermal conductivity. 
Forced convection
We consider now the external boundary layer flow past a semi-infinite flat plate in a thermal equilibrium state, as defined in Figure 1 . The flow is laminar and assumed to be incompressible. Its thermal properties are considered as constant. A uniform heat flux density whose value is 1000 W/m² is applied at the upper surface of the plate. The velocity of the free external stream is 1 m/s. Like the natural convection problem, we first focuse the dynamical features of the two nanofluid flows and finally consider the heat transfer characteristics, varying the particle volume fraction. In figures 12 and 13 are presented the steady velocity boundary layer thickness along the wall, for the two tested nanofluids (CuO/Water andAlumina/water), in the range of Newtonian behaviour, namely for small values of particle volume fraction  < 5%. Because the viscosity of the mixture increases with the particle volume fraction, it is seen that the thickness of the boundary layer increases. This phenomenon is similar to that observed with the free convection case. Moreover, this increase in thickness is also found to be more important with the CuO/water nanofluid. Consequently, the velocity profiles drawn in Figures 14 and 15 seem to follow this trend with respect to the volumetric flow rate conservation law. It is the reason why in the neighborhood of the wall, the velocity decreases with the particle volume fraction. This diminution is also more pronounced for the CuO/water nanofluid. 
110
The temperature profiles have been drawn for the two nanofluids at a given abscissa within the thermal boundary layer thickness. Globally, the temperature is seen to increase in the boundary layer when the particle volume fraction increases as shown in Figures 16 and 17 . 
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This parameter, drawn in Figures 18 and 19 , which is calculated within the thermal boundary layer, evolves linearly along the wall. Strong differences are observed with the variation of the particle volume fraction. 
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To have a quantitative idea on how the thermal flow rate evolves with the particle volume fraction, the parameter  st is introduced : Table 4 summarizes the evolution of this parameter with the particle volume fraction, for both nanofluids, traducing both heat and mass transfer in forced convection. It clearly appears that the thermal flow rate is strongly dependent. Table 4 . Nanofluids properties in forced convection
Conclusion
In the present study, both free convection and forced convection problems of Newtonian CuO/water and alumina/water nanofluids over semi-infinite plates have been investigated from a theoretical viewpoint, for a range of nanoparticle volume fraction up to 5%. The analysis is based on a macroscopic modelling and under assumption of constant thermophysical nanofluid properties. Whatever the thermal convective regime is, namely free convection or forced convection, it seems that the viscosity, whose evolution is entirely due to the particle volume fraction value, plays a key role in the mass transfer. It is shown that using nanofluids strongly influences the boundary layer thickness by modifying the viscosity of the resulting mixture leading to variations in the mass transfer in the vicinity of walls in external boundary-layer flows. It has been shown that both viscous boundary layer and velocity profiles deduced from the Karman-Pohlhausen analysys, are highly viscosity dependent. Concerning the heat transfer, results are more contrasted. Whatever the nanofluid, increasing the nanoparticle volume fraction leads to a degradation in the external free convection heat transfer, compared to the base-fluid reference. This confirms previous conclusions about similar analyses and tends to prove that the use of nanofluids remains illusory in external free convection. A contrario, the external forced convection analyses shows that the use of nanofluids is a powerful mean to modify and enhance the heat transfer, and the thermal flow rate which are strongly dependent of the nanoparticle volume fraction.
Nomenclature
Cp specific heat capacity J. 
